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Abstract

Traditional State-Space Servo control involves the use of D/Q trans-
formations to create a simplified set of equations for the control of a servo
motor in the stationary plane of reference. While providing simplicity in
the calculations for control of the motor, this approach forces the assump-
tion of a motor model having a completely balanced parameter set. This
short presentation will show that with a modest increase in calculation
overhead, a state space approach can be utilized without transformations,
allowing all parameters of the motor model to be used in the control sys-
tem. This allows full control of the a motor with an unbalanced parameter
set. A method to cancel the effects of DC bus ripple voltage on the voltage
applied to the motor is also presented.
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1 Introduction

Given a reference generator that can produce a desired trajectory consisting
of commands θd, ωd, αd and α̇d, the equations for a balanced feed-forward
portion of a State-Space controller can be produced with the equations listed in
Equations 1 through 6 (see Figure 1 below).
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+Ridd −NrωdLiqd (5)
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diqd
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+Riqd +NrωdLidd +Kmωd (6)

Figure 1: Reference generation for State-Space control based on the D/Q stationary
reference. (Reference paper [1] and paper [2], Appendix B.)

A numerical equivalent for Equations 1 through 6 can be generated as follows
which provides an equivalent and can be used to describe an unbalanced system.
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First, a group of equations needs to be solved numerically.

La
∆iad
∆th

−Mab
∆ibd
∆th

−Mac
∆icd
∆th

= vad −Raiad +Kaωd sin(Nrθd) (7)
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∆th

+ Lb
∆ibd
∆th
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∆icd
∆th

= vbd −Rbibd +Kbωd sin(Nrθd − 2π/3) (8)

−Mac
∆iad
∆th
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∆ibd
∆th

+ Lc
∆icd
∆th

= vcd −Rcicd +Kcωd sin(Nrθd − 4π/3) (9)

Jmαd = −Bm −Kaiad sin(Nrθd)−Kbibd sin(Nrθd − 2π/3)

−Kcicd sin(Nrθd − 4π/3)
(10)

iad cos(Nrθd) + ibd cos(Nrθd − 2π/3) + icd cos(Nrθd − 4π/3) = idd
(11)

iad + ibd + icd = 0
(12)

Figure 2: Reference generation for State-Space control based on a numerically derived
rotating reference.

Referring to Figure 2 above, ∆ixd = ixd− ixdprev with ∆th the servo update
rate of 50 uSec. The terms ωd, θd, idd

1,∆th and ixdprev are considered constant
over one servo cycle allowing equations 7 through 12 to be solved for iad, ibd,
icd, vad, vbd and vcd using Gaussian elimination.

We now recompute vdd and vqd as shown in Figure 3 below.

vad cos(Nrθd) + vbd cos(Nrθd − 2π/3) + vcd cos(Nrθd − 4π/3) = vdd (13)

−vad sin(Nrθd)− vbd sin(Nrθd − 2π/3)− vcd sin(Nrθd − 4π/3) = vqd (14)

Figure 3: Recalculation of vdd and vqd based on numerical the calculations of vad,
vbd and vcd in Figure 2 above.

1Here idd is derived from Equation 1
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To satisfy the calculation needed to compute the error equation for the State-
Space controller (See Equation 43 of [2], Appendix B), we must also recompute
iqd as shown in Figure 4 below.

−iad sin(Nrθd)− ibd sin(Nrθd − 2π/3)− icd sin(Nrθd − 4π/3) = iqd (15)

Figure 4: Recalculation of iqd based on numerical calculations of ad, ibd and icd in
Figure 2 above.

Equations 13, 14, 15 with θd and ωd now allows us to control the un-balanced
motor since we now have parameters Ka, Kb, Kc, La though Mbc, and Ra, Rb,
Rc exposed in the representation of the system. We also have the ability to
model phase shift errors in sin() and cos() terms.

In addition, the sin() and cos() terms can be replaced with trapezoidal terms
analogous to that represented by DC Brush-less motors. Doing so here is beyond
the scope of this document.
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2 Conditions For This Experiment

Before continuing, an explanation for the conditions used to run this simulation
needs to presented. These conditions are:

• The background information for how this simulation was created is present in
this paper [2] with the following references.

• The equations for the motor used in the simulation is presented in Equation
(10) of this paper.

• Application of the motor voltages was produced using minus side clamped Space-
Vector PWM operating at 20 KHz as presented in Figures 11, 13, 14. 26 and
28 of this paper.

• A plot of ωd vs the actual motor generated ω is shown in Figure 32 of this
paper. It’s important to note that there was no State-Space error compensation
preformed in this simulation. So it can be noticed that two signals do not
track exactly as shown in Figure 32. However, it will be a requirement for
the demonstration provided in this paper that a weak compensation for position
error must be performed for at least two of the three tests presented below. This
is because for the numerical model generated reference described in Equation 7
through 12 above, motor position must track the generated reference position
with minimal error. To do this, I used only a position error compensation of
(thetad− theta) ∗ 40.0 added to the vqd terms described by Equations 6 and 14
to keep tracking of position under control without affecting in any significant
way the parameter imbalances injected into the system.

• Parameter values for Ka, Kb, La and so forth used in Equations 7 through 12
above are provided in Table 3 of this paper (note typo,. should be titled Servo
Motor Parameters). In addition note that values for Mab, Mbc and so forth
were set at 93 percent of L. The demonstration below will show the effects of
the simulation when these values are set for an unbalanced state (e.g. Ka !=
Kb != Kb, ... Mab != Mbc and so forth).

• The trajectory for generating θd, ωd and so forth is based on a sinusoidal ramping
function. The author acknowledges that this generator should have been based
on sigmoid functions.

• Simulation time runs from 0 to 1 second for each test. The trajectory generator
and the equations that control the State-Space reference run at a rate of 20
KHz. The ODE equations for the simulation run at pseudo-realtime using a
sixth order Runge-Kutta interpolation having a minimum time step of 1 nSec
and a maximum of 200 nSec.

Before introducing imbalances into the motor model, it must be shown that
there is an equivalence between the traditional D/Q based reference and that
which is derived numerically. This is shown in Figures 5 and 6 below based on
the acceleration plots of desired and actual. With a perfectly balanced motor
model, the two plots match with one exception.

The reader may notice a slighte fuzzy look on α (alpha) of Figure 5 relative
to Figure 6 for the same signal. This may be due to the fact that the D/Q
based (analytical) reference is generated using α̇d (beta) at 20 KHz. This is not

5



the case with the numerical based reference whose highest order differentiation
of position is αd (alpha)2.

This may be an additional benefit for using the numerical method over the
analytical approach. However, this anomaly is unrelated to the tests that are
about to be presented.

2At this point I have not investigated this to verify that this is the problem
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Figure 5: Plot of αd vs motor α using analytical D/Q State-Space reference genera-
tion described by Equations 1 through 6.

Figure 6: Plot of αd vs motor α using a numerical State-Space reference generation
described by Equations 7 through 12.
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3 Periodic Disturbance Compensation Test

A test is setup to see how well the numerically generated reference performs
over the analytical reference when adding imbalances to three phase specific
parameters of the motor model.

For both tests I modify the motor equations as follows (See Equation 10 of
[2]).

• A change of torque constant Kb to .13. Ka and Kc remain .1 N*m/amp.

• A change of mutual inductance Mac to .2e-3. Mab and Mbc remain at .495e-3
henrys.

• A change to the position relationship of Phase B with respect to Phase A and
C. Phase B becomes sin(Nr ∗ theta + .05 ∗ PI − 2 ∗ PI/3) while Phase A and
C remain sin(Nr ∗ theta) and sin(Nr ∗ theta− 4 ∗ PI/3) respectively.

Next, the same modifications listed above (for the motor) are also done to
the set of numerical Equations 7 through 12 above.

Now note that for the analytical reference model described by Equations 1
through 6 above, these modifications cannot be made because the use of D/Q
transformations has made these phase specific parameters hidden from the con-
trol system.

The results of this test are as follows.

Figure 7 shows the acceleration plot of the motor controlled by the D/Q based
reference model. Significant ripple exists on the motor acceleration.

Figure 8 portrays the motor acceleration plot using the numerical based ref-
erence model. It can be noted the dramatic reduction of acceleration ripple
relative to the acceleration command reference alphad.

Correspondingly, one can also see these effects by the monitoring torque com-
ponent of the motor voltage command (signal vqd).

For the D/Q based reference, Figure 9 shows no corresponding ripple for the
simple reason that Equations 1 through 6 were not (and could not) be modified
to cancel the imbalances added to the motor model. On the other hand, Figure
10 does exhibit the imbalance canceling ripple created by adding the imbalances
to Equations 7 through 12.
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Figure 7: Plot of αd vs motor α using analytical D/Q State-Space reference genera-
tion described by Equations 1 through 6 with motor parameter imbalances added.

Figure 8: Plot of αd vs motor α using a numerical State-Space reference generation
described by Equations 7 through 14 with motor parameter imbalances added and
equations compensated for these imbalances.
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Figure 9: Plot of vqd produced by Equation 6 with parameter imbalances added.

Figure 10: Plot of vqd produced by Equation 14 with parameter imbalances added.
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4 Disturbance Compensation for DC Bus Volt-
age Ripple

Rectified AC input power to the servo motor controller introduces yet another
form of disturbance that is independent of motor characteristics and the refer-
ence generators described by the equations in Figure 1, 2, 3 and 4.

Up to this point, the tests described above (and those in other papers refer-
enced by the author), applied a constant DC Bus voltage vbus in all simulations
presented. In servo control applications, this is not a realistic assumption for
in most cases the DC bus to the amplifier is produced by simple AC voltage
rectification from either a single phase or three phase voltage source3

To demonstrate how DC bus ripple and droop can be compensated we must
first review the equations required to produce (generate) the Space Vector PWM
waveforms used in this and other papers cited. This is described in an abbrevi-
ated form in Figures 11, 12, 13 and 14 below4.

√
vddvdd + vqdvqd = vcmdmag (16)

arctan vdd/vqd = vcmdang (17)

Figure 11: Transformation of D/Q command voltages (reference Figure 1 or Figures
2 and 3 above) into Space Vector magnitude and angle quantities.

θactualNr + vcmdang = CtrlAngle (18)

floor(3.0CtrlAngle/π) = SectorIndex (19)

f(SectorIndex, sgn(CtrlAngle)) = SectorNumber (20)

f(CtrlAngle, SectorIndex, sgn(CtrlAngle)) = SectorAngle (21)

Figure 12: Using vcmdmag and vcmdang determined in Figure 11 above the required
intermediate calculations to determine voltage pulse positions applied to Phases A, B
and C of the motor is made.

3In the US, a 60 Hz source voltage of 115, 230, or 480 VAC.
4A detailed description of Space Vector PWM generation is beyond the scope of this paper.

11



2

3
T Z
√

3 sin(π
SectorNumber

3
− SectorAngle)vcmdmag

vbus
= t1 (22)

2

3
T Z
√

3 sin(SectorAngle− π

3
(SectorNumber − 1))

vcmdmag

vbus
= t2 (23)

2

3
T Z − t1 − t2 = t0 (24)

Figure 13: Details of the required calculations to determine voltage pulse time du-
rations applied to Phases A, B and C of the motor from the intermediate calculates
done in 12 above.

Referring to Figure 13 Time t1 and t2 are used in Equations 25 through 27
below to determine the duration of the SV voltage producing vectors. The time
t0 determines the zero vector. The quantity T Z is the PWM time period.The
quantity vbus is the DC bus voltage of the power stage presumed to be a con-
stant in the previous simulation runs.

With this information at hand, the final reference commands applied to the
triangle wave carrier that determines switching frequency can be made. This is
shown in 14 below.

f(SV Table a[SectorNumber], t0, t1, t2, iq, id) = va (25)

f(SV Table b[SectorNumber], t0, t1, t2, iq, id) = vb (26)

f(SV Table c[SectorNumber], t0, t1, t2, iq, id) = vc (27)

Figure 14: Summary of functions required to determine the Motor Phase voltages
va, vb and vc applied to Phases A, B and C of the motor. SV Table a, SV Table b and
SV Table b are tables of predefined states used to select one of six sectors of the SV
phasor diagram.

In Figure 14 va, vb and vc are the reference commands applied to a 1 PU
triangle-wave reference that produce the control signals to the amplifier power
stage (IPM power module). The quantities iq and id are additional variables
that can be used to control motor phase current ripple5.

5Note: The discussion of D/Q feedback currents iq and id as control variables to minimize
motor phase current ripple is beyond the scope of this document.
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To provide for a more accurate simulation, vbus (which was set at constant
of 200 VDC is the previous tests) is replaced by the bus voltage profile depicted
in Figure 15 The ripple and droop shown in this figure occurs when motor is
running through it’s commanded profile with an established load that exceeds
the reverse torque during deceleration.

Figure 15: Plot of vbus with voltage ripple and droop typically found on Servo Drives
utilizing single phase AC line rectification into a electrolytic bus capacitor.
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With the added disturbance from the ripple and droop of the the DC bus, the
previous (motor parameter) compensated simulation run shown in Figure 8 now
shows a less then idea reference tracking relationship in regards to commanded
and actual αd. This is because the simulation is run with vbus in Equations 22
and 23 still set to a constant of 200 VDC. This is shown in Figure 16 below

Figure 16: Plot of αd vs motor α using a numerical State-Space reference generation
described by Equations 7 through 14 with motor parameter imbalances added and
equations compensated for these imbalances. Note that with vbus ripple and droop
now present on the DC bus, α becomes deformed again (compared to Figure 8.
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With this change, the simulation shown in Figure 8 for the compensated nu-
merical State-Space reference generation described by Equations 7 through 14
is re-run, but now with the added disturbance from the DC bus ripple and droop.

Now, if we feedback the measurement of the actual bus voltage in Figure 15
to the variable vbus of Equations 22 and 23 of Figure 13 we have the DC Bus
ripple/droop compensated and motor parameter imbalance compensated result
shown in Figure 17 below.

Figure 17: Plot of αd vs motor α using a numerical State-Space reference generation
described by Equations 7 through 14 with motor parameter imbalances added, and
equations compensated for these imbalances. In addition the signal vbus in Equations
22 and 23 compensated with the actual vbus DC bus voltage shown in Figure 15.

The tracking error between αd vs motor α again becomes small.
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5 Summary

It has been shown that a traditional analytical reference for a state-space ref-
erence derived in the D/Q frame can be replaced with a numerically generated
reference derived in the physical frame.

As shown the numerically generated method is more computationally inten-
sive but provides the benefit of allowing the motor model to be characterized
for the purposes of compensating an unbalanced system. Characterization of
specific parameters can be accomplished using least squares or similar methods.

This paper showed examples for compensation of only three motor parame-
ters. There are many more.

For instance Jm and Bm can be made functions of position. Also, we have
assumed that the CEMF is purely sinusoidal. There is nothing to stop us
from deriving a more realistic interpretation of say trapezoidal functions such
as trap(Nrθd), trap(Nrθd − 2π/3) and trap(Nrθd − 4π/3).

In addition, it has been shown that for the numerically method (as well as
the D/Q method) for reference generation can be improved by feeding back the
the actual DC Bus voltage value to the Space Vector PWM control algorithm.

One particularly good example for the use of this approach is in the control
of spindle motors where motor (or load) unbalances can cause deleterious ef-
fects in performance. This and the use of the control signal iq and id mentioned
briefly in Figure 14 above to control ripple current will be presented in a future
paper.
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