Quiz

1) Name three numerical integration
methods

2) 2X2+2x2+2-2x2="

Write your name and today’s date



Numerical Differentiation



Taylor Series Review

If we expand f around x; and f'1s (n+1)-times continuously
differentiable on an open interval containing x,, Taylor’s
theorem with the remainder term says that if x,,; 1s another
point 1n this interval, then:

(i) f (i)

f@itr) = f(@a) + f@)h+ —2h% + .. + h" + Rn
n.
where: (7.1)
Ry = L0

(n+1)!
¢ 1s a number in the open interval between z; and ;41

h =41 —
f(ziy1) = f(z: + h)



Mean Value Theorem

The appearance of ¢, a point between z; and z;4 1, suggests
that there 1s a connection between this result and the Mean

Value Theorem, _ .
which states that given a planar

tangent line = f'(€) arc between two endpoints, there
1s at least one point at which the

\ z "—\f(i) tangent to the arc 1s parallel to

the secant through its endpoints.

secant
line

If a function f1s continuous on
, [x, x;,] and differentiable on

(x;, x;.,), then there exists a point

¢ such that: oY — Flo
f’(f) — f( z-+l) .f( z.)

Liv1 — L5




Mean Value Theorem & Taylor’s
Theorem

Back to the Taylor series, for n = 0:
slope = f'(§) (mz-l—l) (mz) + RO (7.2)

*\'A where .
Sloﬁ Ry Ry Ry = f (g)h
pe=—"

h=2zi+1— T
ordel‘ n=0 f (a:z) i+l ¢

> €

Y 5

Ti ¢ Tit1 Then
f(@iv1) = f(zi) + F () (@it1 — i)  (7.3)

where ¢ 1s between x; and x,,,. This 1s the Mean Value Theorem,
which 1s used to prove Taylor’s theorem. We can also regard a
Taylor expansion as an extension of the Mean Value Theorem.



Approximation of 15t Order Derivative
by Forward Difference

If we truncate the Taylor series after the 1% derivative:

f(@it1) = f(zs) + f(zi)h + Ry (7.4)
where
_J7(¢) Ry f"(€)
R, = ; h? or = h (7.5)

Rearranging eqn. (7.4) gives us

£(z;) = f(fvz'+1)h— flzi) %

or




Approximation of 15 Order Derivative
by Forward Difference

Graphical 1illustration of forward difference approximation:

£(z;) = f(-’Ez'+1)h— f(z:) - O(h)




Big O Notation

Big O notation, also called Landau’s symbol, 1s a symbolism
used 1n complexity theory, computer science, and
mathematics to describe the asymptotic behavior of
functions. Basically 1t tells us how fast a function grows or
declines.

f(@it1) — f(@i)

i) = - -O(h)

tells that the error of the 1%t derivative approximation 1s
proportional to the step size 4. Consequently, 1f we halve

the step size, we would expect to halve the error of the
derivative.




Big O Notation

Here 1s a list of classes of functions that are commonly
encountered when analyzing algorithm. The slower growing
functions are listed first, ¢ 1s some arbitrary constant.

O(1) Constant
O(log(n)) Logarithmic
O((log(n))°) Polylogarithmic

O(n) Linear
O(n?) Quadratic
O(n°) Polynomial

O(c") Exponential



Approximation of 15 Order Derivative
by Backward Difference

The Taylor series can be expanded backward to calculate a
previous value on the basis of a present value.
) h=x;— %

Ti—1 = T; —h

f(zi-1) = f(z; — h)

>
Li—1 Tj Ti+1

Fleis) = fle) — flaph+ y2pe - T8y
(1.7)




Approximation of 15 Order Derivative
by Backward Difference

Truncating the expansion 1n eqn. (7.7) after the first
derivative gives:

f@iz1) = f(z:) — f'(z:)h + Ry

Rearranging:

(z)

A




Approximation of 15 Order Derivative

by Central Difference

/@) The third way to approximate

the first derivative is by
subtracting backward difference

2h from forward difference:
Feer) = £ + Flagh+ otlpz ¢ To8dpa
Fleis) = flz) — flagh+ TP - 0y
f@iy1) — fxiz1) = 2f'(z;)h 2 (mi)hS“"--- (7.9)

3!



Approximation of 15 Order Derivative
by Central Difference

fA( ?) For the central difference
method, the error can be found
from the 3" degree Taylor
2h polynomial with remainder:
Li—1 Tj Tit+1 g
fl/ x'i, flll C
fee) = £ + Flagh+ otz Loy
and

feis) = £ — Flagh+ T pz - i)y

where T, <c < Ti4+1 and Ti1 < Cy < I;



Approximation of 15 Order Derivative
by Central Difference

Subtracting these two equations gives:
3

Fein) - Flzior) = 2f @) + o (F7(er) + (e2)
- (7.10)

Since f'"'(x) 1s continuous, the intermediate value theorem
can be used to find a value ¢, so that

f”’(Cl);‘f”,(cz) _ f”’(c) (7.11)

Substituting (7.11) into (7.10) and rearranging:

() = L 1Zi+) Q_hf Ti1) L om?) (1)

The central difference is more accurate as the error is O(h?).




2"d Order Forward Difference

/(@) To approximate 2" order

derivatives, we write a forward

I

Taylor series expansion for f(x,,,)
2h in terms of f(x;):

>

T Ti+1 Lit+2

F(wia) = Flz) + £ (@)(2h) + T amy2 .

If we truncate after the 2 order:

f(@ita) = f(z:) + 2f (@i)h + 2f"(2i)h* + Ry (7.12)



2"d Order Forward Difference

Truncating the forward difference after the 2" order and
multiplying by 2 gives:

2f (Tir1) = 2f (z:) + 2f ' (zi)h + f"(2:)h? + 2Ry (7.13)

Subtracting eqn. (7.13) from (7.12) yields
f(@iva) — 2f (@i1) = —f(a:) + f"(zi)h* — Ry

Rearranging:

f”(xi) _ f(xi+2) — 2ff£§i+1) + f(m’&) | 222




2"d Order Forward Difference

The 2 order remainder can be written

Rz — f”:,;g) h3

) Ry _ (9
= oW

Hence:

f”(il?z’) _ f(Tiye) — 2f}£fi+1) + f(i) FO(h)  (7.14)




2"d Order Backward and Central
Differences

The same manipulations can be employed to derive a 2"
order backward difference:

1) = f(@i) —2f(zi—1) + f(Ti—2)

Oh)  (1.15)

>
)

and a 2" order central difference:

f”(fl»'z') _ f(xi-}-l) _ 2f}£§2) + f(mi—l)

O(h?) (7.16)

As was the case with the 15-derivative approximations, the
central difference 1s more accurate.



Forward Difference

First derivative Error
f,(.’E) _ —f($i+2) + 4.2(};E%+1) — 3f($z) O(hz)

Second derivative

f”(xi) _ f(Zivo) — 2fé§i+1) + f(zi) O(h)

f”(xi) _ _f($i+3) + 4f($i+2})llz_ 5f(3:z—|-l) + 2f(33z) O(h2)




Forward Difference

Third derivative Error
() = f(@itzs) — 3f(5137:+22ﬁ+ 3f(@iy1) — flai) o)
o —3f(@iya) + 14 f(wig3) — 24f(xi42) + 18 f(wi41) — 5f ()
f (x’&) T 2h3
O(h?)

Fourth derivative
() — f(@iya) = 4f(®iy3) +6f(ziy2) — 4f(Tig1) + [(2:)
1 - h4
O(h)

e —2f(@iys) + 11f(@ia) — 24f (wig3) + 26 f (wiy2) — 14 (xig1) + 3 (24)
f (xl) T h4
O(h?)




Backward Difference

First derivative Error

Second derivative

f”(xz‘) _ f(il?z) — 2f(117z‘_1) + f(mi—Q) O(h)




Central Difference

First derivative Error
f’(xz) _ f(x‘b‘i'l)zhf(x?' ) O(h2)
F(zg) = —L@ir2) + 8f($z‘+11)2; 8f(@ima) +(@iz2) g pay

Second derivative

f”(mi) _ f(x’i-l-l) o zf}E:;"f) o f(xi—l) O(h2)

() = —L(@ix2) £ 16/ (@ir) = 30f(@s) +16(2i1) = f(zi2)

1272
O(hY)



Example 7.1

Approximate the first-order derivative of

f(x) = —0.12* — 0.152° — 0.52% — 0.25z + 1.2

at x = 0.5 using finite differences and a step size of 7 =0.25
with accuracy O(4?).



Example 7.1

Solution:
The derivative can be calculated analytically as

f(z) = —0.42° — 0.4522 — 1.0z — 0.25

and 1ts true value at x=0.5 1s £°(0.5) = -0.9125. The data that
we need 1s

Ti_o =0 flz;_2) =1.2
r;—1 =0.25  f(x;—1) =1.1035156
;= 0.5 f(x;) = 0.925
Ti1 =075 f(zi1) = 0.6363281
Tiyo = 1 f(ziie) = 0.2



Example 7.1

The forward difference of accuracy O(%4?) is computed as

_ —f(@ige) +4f(@ig1) — 3f(24)

f'(zs) o
, - —0.2+4 (4)(0.6363281) — (3)(0.925)
f10-5) = (2)(0.25)

= —0.899375

and percentage relative error

- | —0.9125 — (—0.859375)|
B | —0.9125

3 x 100% = 5.82%



Example 7.1

The backward difference of accuracy O(%4?) is computed as

3f(w;) —4f(wi1) + f(Tir2)

filw:) = 2h
, (3)(0.925) — (4)(1.1035156) + 1.2
f105) = (2)(0.25)

= —0.878125

and percentage relative error
B | —0.9125 — (—0.878125)|
B | —0.9125]

3 x 100% = 3.77%



Example 7.1

The central difference of accuracy O(4?) is computed as

—f(Tig2) +8f(xit1) — 8f(xi—1) + f(x5-2)

film) = 12h
, ~ —0.2+(8)(0.6363281) — (8)(1.1035156) + 1.2
f105) = (12)(0.25)

= —0.9125

and percentage relative error

e = 0%



Richardson Extrapolation

Two ways to improve derivative estimates when using finite
divided differences:

(1) Decrease the step size
(2) Use a higher-order formula that employs more points

The third approach 1s based on Richardson extrapolation,
where we could use two derivative estimates to compute a
third, more accurate approximation. Recall the formula in
Lecture 6 for Romberg integration:

4 1

I = §I(h) — §I(2h)

In a similar fashion: A )
D = §D(h) — gD(Qh) (7.17)



Example 7.2

Using Richardson extrapolation estimate the derivative of

f(z) = —0.1z* — 0.152° — 0.5z — 0.25z + 1.2
at x = 0.5 employing step sizes of 0.5 and 0.25.

Using central difference with h =z; — ;-1 = T;41 — T;
or 2h =x;11 —x;—1 thuswith h=0.5at z; = 0.5
the function values at points

Ti—1 = 0 f(O) = 1.2
the derivative
0.2 —-1.2
D(0.5) = = —1



Example 7.2

If we halve the step size to 2 = 0.25, where now

Ti+1 = 0.75 f£(0.75) = 0.6363
z; = 0.5
z;_1 = 0.25 £(0.25) = 1.1035
the derivative
D(0.25) = 0.6363 — 1.1035 _ _0.9344
2(0.25)

The improved estimate can be determined now by

4 1
D = . D(0.25) — ; D(0.5) = ~0.9125

with error (compared to true value) €, = 0%



Derivatives of Unequally Spaced Data

One way to handle non-equispaced data 1s to fit a second-
order Lagrange interpolating polynomial to each set of the
three adjacent points. The 2™ order polynomial can be
differentiated to give:
fi(z) = f(wi—l)(

2T — Tj — i1

Lj—1 — wz')(xi—1 — CL‘z‘+1)

20 — Xj—1 — Ty

(-’Ez' — -’Bz'—l)(iEz' — -’Ez'+1)

+f(z:)

20 — Xi—1 — T;

Liv1 — -’Bz'—l)(-’Ez'+1 — xz)

+f(Zit1) ( (7.18)



