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Abstract

The information provided in this paper is derived entirely from a PhD
dissertation written by Paul C. Roberts and submitted to Emmanuel Col-
lege, University of Cambridge on September 2005 [I]. In his paper Paul
C. Roberts provides a detailed theory of operation and practical imple-
mentation for a Doubly-Fed Induction (dual stator) machine. This paper
is provided only to verify the analysis and findings presented by Paul C.
Roberts (hereafter referred to as Roberts).

It is highly suggested that the reader review in detail the theory pro-
vided by Roberts first before referring to the information provided in
this paper. This paper for the most part provides only a practical valida-
tion to that presented by Roberts based on a traditional 3-phase, single
stator induction machine.

1 Introduction

Before I attempt to break down the information provided by Roberts, it should
be mentioned the method used to generate the various simulation provided in
this paper. A custom simulation environment was created to provide a means
in which to write code (either VHDL implemented in an FPGA or C code im-
plemented in an embedded processor such as DSP) that could run concurrently
with the simulation algorithm (sixth order Runge-Kutta). The mechanism for
simulation is explained in detail in [4].

2 Representation for a simple 3-Phase, 2-Pole
Motor Induction Machine

Roberts presents many different types of dual stator and rotor designs in his
paper. Given that this paper does not address dual stator induction motor de-



signs, we can still derive from this pertinent information relative to that of a
traditional single stator design.

A somewhat detailed explanation for a 6 bar cage rotor is presented is Sec-
tion B.7, page 267 of Roberts. The details of the stator design are presented
in Section B.2.2 page 251. I have provided a verification into the analytical de-
sign presentation based on the information provided in Chapter 2 of Roberts
relative to the 6 bar cage rotor coupled with Stator 1. Roberts presents the
results of the Stator 1 to Rotor mutual of inductance of this design in Figure
B.9-a, page 269 of his paper. My calculations on this same design are shown in
Figure |1| below. The results are nearly identical.
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Figure 1: Stator 1 to rotor mutual inductance for BDFM as presented in Figure
B.9 (a), page 269 of Roberts. Phase A, B, C are the Stator-to-Rotor mutual
inductance results for each phase. The derivatives relative to rotor position are
also plotted as as Drv-Phase A, Drv-Phase B and Drv-Phase C.

I take these calculations one step further and include the derivative of the
three phase coupled mutual inductance relative to rotor position. These calcu-
lations were not done in Roberts. Note that the design presented by Roberts
is intended to provide a sinusoidal distribution of the flux within the motor
making the assumption that the drive amplifier too be designed to provide si-



nusoidal output voltage.

For the simulation provided in this paper, I choose to base the stator-rotor
design on a somewhat crude winding distribution that would produce CEMF
voltages that were essentially siz-step in appearance. The physical specifica-
tion for this design and the calculated Stator-Rotor mutual inductance plots
are presented in Figures and [4) and Table [T] below.
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Figure 2: Simplified representation of a 3-phase, 2 pole induction motor used in
all simulations provided in this paper.
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Figure 3: Stator to rotor mutual inductance for the simplified representation of
the induction motor described in Figure
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Figure 4: Stator to rotor position derivative mutual inductance for the simplified
representation of induction motor described in Figure

Parameter Value
w .1955 m
d 1751 m
g .000555 m
Ny 30.0
N; 1.0
Aok PI
W 2.0%PI*.03/(2.0PI*d/2.0)
Acj PI
W., 2.0%PI*.03/(2.0PI*d/2.0)
R 2.728 Q
Ry, .0001 Q
R,,.. -.000025 2
I A1 k, - m?
Ti .5*&)7«

Table 1: Parameters for the simple induction motor shown in Figure |2| above.



This simplified model of the induction motor serves to illustrate the effect of
excessive torque ripple when applying sinusoidal voltages to the terminals. By
doing this one can deduce a so called amount of forgiveness between a reference
model running on the controller and the actual induction motor being controlled.

Before continuing, it should be noted that all simulations presented in this

paper are driven by a linear voltage source (linear amplifier) as opposed to a
switching PWM source as shown in Figure [5| below.
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Figure 5: Diagram of voltage source used in this simulation. Only a simple linear
amplifier was used to create all simulations presented in this paper. Carrier
based PWM and Space-Vector PWM sources could have been used as well (See

[41)-



3 Coupled Circuit for the Induction Motor in
the physical (Rotating) frame
As per the derivation of the coupled circuit model of the dual stator induction

motor given in Equation 2.59 page 66 of Roberts, our model for the single
stator induction motor is provided by Equations [1| through [3| below.

M, M, dis VS R 0 0 dMs, s
ss sr | — _ s _ T dt
il lEA R (R K e P G

MT
do,
= r 2
iy (2)
dw, 1 (0 0 ey
== ([m irT] {dM;T « ] [zj] Tl) [ Tom (3)
dt

Equations [I] through [3are expanded in equations [29) through [36] of Appendix
[A] These equations are presented in a from very close to the code created to
run the simulation.

The parameters used in Equations [I] through [3] above are shown in Table
as a reference to that derived by Roberts.

Of special note are the parameters M, and %. Here, a lookup table with
a primary index based on 360 electrical degrees is precomputed for use in the
simulator. These lookup tables are shown graphically in Figures [3|and 4] above.

Parameter | Deriving reference | Page Number Notes

M, Eq. 2.27 and 2.44 46 and 56

M, Eq. 2.27 and 2.53 46 and 63 Matrix array created by 360 iterations.
M, Eq. 2.27 and 2.51 46 and 62

R A simple diagonal of phase resistance.
R, Section B.8 267 Connections between bars are included.
d%”' Eq. 2.27 and 2.53 46 and 63 360 iterations of the derivative of Eq. 2.27

Table 2: Reference to the parameters in the rotating frame as defined by

Roberts.




4 Coupled Circuit for the Induction Motor in
the D/Q (slip) frame

Unlike the synchronous motor, a simple translation from the rotating (or termi-
nal) plane to the D/Q plane for an induction motor places the point of reference
relative to the slip frequency of the motor. The D/Q transformation is described
beginning in Chapter 3 page 69 of Roberts.

For our simplified single stator motor, the D/Q transformation of Equations
[I] through [3] are described by Equations [ through [6] below.

dis
quOs qusr dtdq o
MT qur dirgq

dgsr dt (4)
USdq| quos 0 W quOs qusr isdq
0 0  Ragr "1 0 0 T dg
do,
= (5)
dw, 1 T . 0 qusr Z'qu
_ = , -1 ) /JIm 6
=5 ([zsdq i, { T O irag i)/ (6)

Similar to that done for the rotating plane, Equations [4] through [6] are ex-
panded in equations [37] through [44] of Appendix [A] However because we are not
yet in the proper reference plane suitable as a bases for controlling the motor,
simulation in this reference plane is not presented in this paper.

In any event, the parameters used in Equations [4] through [6] are shown in Table
below as a reference to that derived by Roberts.



Parameter Deriving reference Page Number
Maq0s Eq. 3.19 76
Magsr Eq. 3.26 79
Mgy Eq. 3.24 7
Raqos Unchanged from R, by D/Q transformation.

Rigr Diagonalized by D/Q transformation applied to R,.
quos Eq. 3.17 76
qusr Eq. 3.28 79

Table 3: Reference to the parameters in the D/Q frame as defined by Roberts.




5 Coupled Circuit for the Induction Motor in
the Synchronous D/Q frame

As pointed out in Roberts Section 7.2 page 176, one additional transformation
needs to be preformed on the equations establishing the slip frame to make the
model usable for control. By doing this, we now are similar to the D/Q refer-
ence frame that would be established when evaluating the coupled equations for
permanent magnet synchronous machine (see [2] and [4]).

For our simplified single stator motor, the Synchronous D/Q transformation
of Equations [4 through [6] are described by Equations [7] through [0] below.

MT Moyner | | i7caa

syncsr

dissq
|:MsyncOs Msyncsri| [ dt q] _

RsyncOs 0 :| —w stncOs stncsr (7)

VSsdq o |: 0 Rsyncr 0 0 :| iSqu
stnchs stncdsr] irsdq

—(wr —ws) | AT
" ) syncdsr stncdr

do,

a ®)
dw, . 1 . T T 0 SsynCST iSsdq
dt B 5 <[ZSqu Zrqu] |:S;ryncsr 0 irqu - Tl /Jm (9)

Similar to that done for the rotating plane and D/Q (slip) frames above,
Equations [7] through [J] are expanded in equations [45] through [52] of Appendix
[Al

The parameters used in Equations [7] through [9] are shown in Table [ below
as a reference to that derived by Roberts.
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Parameter Deriving reference Page Number
Myncos Top left element of Mgy, Eq. 7.9 179
Myncsr Top right element of Myypn., Eq. 7.9 179
M7 csr Bottom left element of Mgype, Eq. 7.9 179
Myner Bottom right element of Mgyn., Eq. 7.9 179
Royncos Top left element of R,ypc, Eq. 7.7 179
Rsyner Bottom right element of Ryn., Eq. 7.7 179
Qsyncos Top left element, first term of Qgyne, Eq. 7.8 179
Qsyncsr Top right element, first term of Qsyne, Eq. 7.8 179
Q syncdos Top left element, second term of Qsync, Eq. 7.8 179
Qsyncdsr Top right element, second term of Qgyne, Eq. 7.8 179

Z,yncdm_ Bottom left element, second term of Qgync, Eq. 7.8 179
Qsyncdr Bottom right element, second term of Qyne, Eq. 7.8 179
Seyncsr Top right element of Sy, Eq. 7.10 179
STynesr Bottom left element of Syne, Eq. 7.10 179

Table 4: Reference to the parameters in the synchronous D/Q frame as defined

by Roberts

11




6 Feedback Linearization

Some control strategies for the dual stator induction motor are suggested by
Roberts (review Chapter 7 and 8). Obviously the approaches he derives for
the BDFM can be applied to the a standard single stator induction motor using
very simple modifications. Before continuing, it should be noted that Roberts
simplifies the derivation for the motor equations in the D/Q slip plane so as
to remove some of the zero sequence terms (see Equation 3.30, page 80 of his

paper).

I go one step further and set the condition that the motor windings are balanced
allowing all zero sequence terms to be removed from the equations derived so far.
This is denoted by the bar placed above all parameters (for example M syncsr)-

Using the references defined in Table [] above, define the modified matrix
definitions created by multiplying through by the inverse of the matrix M syn..
The results are shown in equations [I0] through

Rsync,m =
—_— -_— —1
Msync()s %yncsr RsyncOs . 0 (10)
MTsyncsr Msyncr 0 Rsyncr
async,m =
—_ —_ —1 J—
%ync(]s %Z/WCST' stncOs stncsr (11)
MTsyncsr Msyncr 0 0
@syncd,m =
—_ —_ — 1 p— J—
|: MsynCOS ]\[syncsr:| |:C2syncd05 C2syncds7‘:| (12)
MTsyncsr Msyncr QT syncdsr stncdr

The inverse of the matrix Msym is defined by equation

-— -— -1
M MsyncOs -Zwsyncsr] (13)

sync_inv —
Mt syncsr Msyncr

12



Using equations [I0] through [I3] Equation [7] is transformed to Equation [I4]
below.

dissdqd

dt
dissdqqq

dt —
dzrsdqd

L dt
dirsqqq

o i (14)
vSsdqd%synanv[O] [0] . Z.Ssolqcl
Ussdqq%sync,inv[l][l] - Fsyncm - WLstnc,m 1Ssdqq

vSsdqd%syncinv[Q] [0] - (wr - wS)stncd,m 1T sdqd
Ussdqusync,inv[S] (1] Wsdqq

Next, define a new matrix Tsync as described by equation below.

Tsync =
— 11— —
. 0 Ssyncsr:| |: MsyncOs %yncsr (15)
STsyncsr 0 MTsyncsr Msyncr

Again, using the definitions provided by Table [4] above, define a new set of
transformation matrices as described by equations [16] through [18| below.

Rsync,c =
T FsyncOs . 0 :| (16)
syne 0 Rsyncr
@sync,c =
Tsync PsyélcOs st(;zcsr] (17)

13



stncd,c =

T Esynchs @yncdsr (18)

sync
QTsyncdsr stncdr

Stator voltages to be applied to the motor can now be determined. Based
on the motor model for single stator winding, equation (8.14) on page 213 of
Roberts can be expanded as shown in equation [19| below.

155dgdVSsdqq ] synclo)[1] + 1SsdagVSsdgd] syne[1]j0] T
iT'5dgdVSsdgq ] sync2)[1] + TsdaqVSsdgd ] sync(3)[0] —

8 sdqa (15 sdgg Rsyne_clo)[1] + 7 sdaq Rayne_clo)[3)) —
issdqq(zssdqdRaync c[1)[0] + i"sdgd Rsyne_c1][2]) —

iTsdqd (i8sdqq Rsyne.cl2)[1) + i7sdaq Rsyne-ci21[3)
i7sdqq (1S sdgd Rsyne_c3)[o] + i7sdgd Rsyne_ci3)[2]) —

(152 194 Q syme-clo][0] T 5 sdqdiTsdgdQ syme_cfo)2)+

183094 Qsync_c([1] T 15sdaqiTsdaqgQsyne ez

7 sdgd 5 sdqdQ syme_c2][0] T 17 adgd@syne_cl2)[2] T

i sdqq5sdagQsyne-ci3)1) + 17 adgqQsyne_c(3)[3)@r—

(52 40a@syned_clo)o] + 15 sdgdiTsdqd@ synea_cfoyz+

182400 Q@syncd_c(1)1) + 1sdaqiTsdgqQsynea ez +
i15dqdi5 5dgdQ syned_c(2)0] T odqaQsyned.c2)2) T
iTsdgqi55dqq @ syncd_c3)[1] T 7 odgqQsyncd_cf3)[3) (Wr — Ws)—
dPw, dw,

—Bm=X =0 (19)

J
a2 dt

Roberts does not elaborate on what type of minimization should be done to
VSsdqd and VSs4qq to obtain a solution for equation I believe he is referring to
the use of Lagrange Multipliers for which the method to determine a minimum
for the Vector VSsdq 1s described in [2] using the constraint that the quantity
vs? dgd T 52 dgq D€ held to a minimum around a unit circle. Information for this
method can also be found by referring to [3], Chapter 4.

14



This in my opinion is too general of a constraint in that this approach ignores
the unit current stress on the amplifier element (the servo drive power stage) for
the sake of keeping the magnitude of the voltage to a minimum (see [4] Section
B.1.3).

Instead, vssdqq and vssqqq should be considered independent of each other where

in a closed loop control environment, vs;444 is responsible for torque control with
VSsdqd uses to control motor flux.

15



7 The Lagrange method applied to the Induc-
tion Motor electrical model.

Equation [19] contains three unknown control variables, the applied stator volt-
ages VSsdqd, VSsdgq, and w, the driving frequency for these stator voltages.

The Lagrange method mentioned in the previous section can be used to deter-
mine the value vsgqqq and w, while leaving vsgsqqq as the independent variable
for controlling motor flux. Normally, we would set vsq44q to zero while deter-
mining vssqqq and ws. But as will be mentioned in Section @ below, the open
loop voltage generating equations used in this simulation produced the driving
voltage on vssqqq With vs544q set to zero.

So in order to adjust for this we will set vs5444 to zero and derive vss4qq9 and ws
instead. Applying the Lagrange we obtain the following results E

. . di
Define row number one of equation [14] with % set to zero as.
fl (’Ussdqd» VUSsdqq> issdqd; 7;Ssdqqa irsdqda irsdqqa Wy, ws) =0

. L diss
Define row number two of equation |14 with ==244¢ set to zero as.

fa (vssdqd, VSsdqqs Z.Squd’ Zssdqqa irsdqda irsdqqa Wy ws) =0

. o di
Define row number three of equation [14] with % set to zero as.
f3(vssdqda USsdqq» issdqdy issdqqa Z-rsdqda Z-rsdqqa Wy, ws) =0

. o dirg
Define row number four of equation |14| with % set to zero as.
f4(vssdqd» VSsdqqs Z'Ssclqda issdqtp Z.Tsdqd7 ’iTquq, Wy, ws) =0

Define the constraint equation as:

g(vssdqda VSsdqqs Z.Ssdqda issdqqa Z‘Tsdqda Z‘Tsdqqa Wy ws) = (20)
2 2
Ussdqd + Ussdqq + c

Construct the set of Lagrange multipliers as described in equations[2I]through
28 below.

X of k2 dfs ks Ofs Tk Ofs Oy
8vssdqd 8'Ussdqd 8'Ussdqd aUgsdqd aUssdqd (21)
klﬁsync,inv[o][()] + k3Msync,inv[2] 0] = 2Ussdqd

n open loop, VSsdqq and VSsqqq do not have any direct representation as to the component
that produces torque or control flux

16



O 4 Of o

1 + k3
OVSsdqq O0VSsdqq OVSsdgq

0fs dg

+ k4 =
OUSsdqq  OVSsdqq

kQMsync,inv[l}[l] + kBMsync,inv[S][l] = 2085dqq

of1 df2 dfs 0f4 Jg

! 0iS5dqd k2 0iS5dqd ks 0iS5dqd 0iS5dqd - 0iSsdqd
—k1 Rayne.mio)jo)
kowr (Qsynemjo] T @syned-mjo) +
k2ws Q syned m)jo] —
ks Royne_mi2)(0] —
kawr(Qsyne_ma0] T Qsyned.mi3)o) +
kawsQynedmia)o] =
0
0 0 0 0 0
! Bisﬁqq + k2 Bisquq + ks 82'3{;(1 +kd ais{;q - aisiqq
k10 (Q synemio)n] + Qsyned_mo)) +
k105 Q syned mio)1]—
ka2 Rsyne_m)1]—
k3w (Qsynemi2)n] + Qsyned miz)n))+
k3wsQ gynedm(2)) —
ksRgyne mpsi) =
0
0 0 0 0 0
Fa 31’7‘{;(1 + k2 airqud +hs 82’7‘{;(1 +kd (“)irqud - Birsgdqd

k1 Rgyne_miolf2 —

kowr(Q synempz) + Qsyned.mz)+
k2ws Q synedmp2) —

ks Rsyne.mi2)(2)—

kawr(Qynempaz) T Qsyned-miz)z)+
FawsQuyned.miz)iz) =

0

17
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Oh ., O O o1

k + k4

15 - + ks
0iTsdqq 0T sdqq 0iTsdqq

k105 Q syned mio)[3]—

ko Rsync,m[l] 3]~
ksw, (stnc,m[2][3] + @syncd,m[2][3] )+
kaws stncd,m[Q] 8]

k4§syncfm[3] [3] =

of1 +k23f2+k36f3+k48f4 _ g

g Ow, Ow, Ow, Ow,  Ow,

sync_m[0][3] + stncd,m [0][3]

sync_m[1][0] + stncd,m[l][O] +

+

k3 (i8sdqq

irquq sync-m|[2][3] +stncd,m[2][3] -

(
@ )
@ )
i 5dqd(Qsyne_mn)2) + Qeyned_m(1]2])
(@sync,m[z][l] + @syncd,m[z][u)
@ )
ka(i55dqa(Qsyme_miz)o) + Qeyned-miz)o)+
17 sdgd(Qsync_m3)2) + Quynedm3)2) =
0

f1 dfs dfs 0fs g
Ows + k28ws +hs Ows + k46ws T Qw,

3} (iSqull@syncd,m[O][l] + iTquq@syncd,m[O] [3])+

k1

ko (iSqud@syncd,m[l] [0] + iTqud@syncd,m[l]p])—’_
ks (isquq@syncd,m[Q][l] + iTquq@syncd,m[Q] [3 )+

|
k4(i58dqd@syncd,m[3] [0] + ir“?dqd@syncd,m[?)] [2}) =

o

8i7’sdqq 6’i7”sdqq

—kywr (@sync,m[O][B] + @syncd,m[O] [3])+

(27)

(28)

Using Equations and [28] solve for vSs4qq and ws. The results

of this verification are shown in Figure

1| of Section
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A The Expanded Coupled Circuit Model for the

Induction Motor

The circuit models for the induction motor described by Equations [I] through
Bl [ through [6] and [7] through [0 must be flattened before being processes by the
simulator. This expansion is shown in the following subsections and
for rotating model, the D/Q (slip) model and the Synchronous D/Q model
respectively. As mentioned previously only the simulations for the rotating

frame and the Synchronous D/Q frame are presented in this paper.

A.1 Expansion in the rotating frame

The expansion of equations [I}) through [3]is provided in equations 29| through

below.

diSl diSQ di83

Mssioor =g~ + Mstor =g~ + Masiozr =~

diry diry dirs

FMeio o100 T Mariooim =g~ + Mario,ori21

vs1 — Rg[o)[0)251

—wr(dMSZl[Z:] DI, dMSZZ[;;][OHl] P dMS;[Z;] [0][2] irs)
Misp)[0) % + Mg % + M2y %

+Mr(o,]1)(0) % + Misr(o,)11)1) % + Mr(o,)1)[2] %

vs2 = Rypjyise

—wr(dMS;[Z:“”[O] i+ dMszi[g;][l][l] ire + dMS;[Z;]m[z] i)
disy disa diss

Mysioyor =g~ + Maspi =g~ + Masizizr =5~

di’l’l di’l"g di?”g

FMrio 10— + Merpmm =g, + Msrpe— =

t
vsg — Ryo)[2)18 3

Morioizor, , Moroiei ;- WMoriogene

—wr( do, o, a6, )
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diSl diSQ dng

Mirio, 01101 =g + Msriomior =g + Mario 201 =
diTl di’f‘z d?:Tg

Mooy~ + Moo= + Miroz1 =5~ =

—Rro)0)7r1 — Brjoja)ire — Rrjo)j2]773

dMr(9,]{0][0] is 4+ dMr(9,](1)[0) s

n dMr0,112)
d@r dar dar

[0] '683)

_Wr(

diSl diSQ dng
Mo o1~ + Msromm =g + Mro i =g

diTl di?”g diTg
o gt Memu =g + Mg =
—Rir1 — Brppyire — Bepy2)irs

dMrip o) . Mo, gyny . AMspe 20
a0, 181 + a0, 189 + . i83)

+MTT‘[1]

_Wr(

dlSl dZSQ dng
Msrio 02— + Mariomiz —g;~ + Mario 21—,
d’iTl di’)"z diT’g
O Mo 22 4 M1
0~ T Mrr2m g T Meri221

—Rrpoir — Brpgyirs — Brpivs

+M7'7'[2]

dMrig,)(0)[2] is 4+ dMrjp,)1)12) s

N dMy(0,]12)
d@r dar dar

[2] 253)

—w, (

do,
dt

Wy

dM6,1(01[0] i

dM,,
+ Moroon,

(’le ( der

+is, (

do,

Morionpol ;- Msrionnin, -, WMorion iz

do,

+is, (

AMrio,)2)(0] ,

do,
dMgy
4+ Morioan

do,

do,
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A.2 Expansion in the D/Q (slip) plane

The expansion of equations[4)) through |§| is provided in equations |37|through
below.

diSqed dirdqq
Magostojto) — g, + Magsriolfo) =g, ~ =
VSdgd — Raqos0)0]5dqd — Wr(Qaqoso)[1]5dqq + Qdgsr[0]1]17dgq) (37)
disd dde
Magospymy =, + Magsri —, -+ =
VSdgq — Raqos(1)1]78dgq — Wr(Qdqos[1)(0)%5dqd + Qagsr(1][0]1Tdqd) (38)
0= USdgz — quOs[Q][2]isdqz (39)
disd d di’l“d d
M o101 th + Magr(o)[0] dtq =
—Ragr(0)[0)iTdqd (40)
disd di?”d
M;qsr[l][l] dtqq + qu7'[1][1] dtqq =
*qu'r'[l}[l]irdqq (41)
di?‘d z
Magriaia =g~ =
_qur[Q] [Z]Z’quz (42)
do,
= Wy 43
T (43)
Wy =

(‘5qusr[0][1]i5dqd7;7"dqq + '5qusr[1][0]i3dqqdeqd
+'5Q;qsr[0][1]isd‘lqirdqd + 'SQqur[l][O]iqudirdqq
T ()
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A.3 Expansion in the Synchronous D/Q plane

The expansion of equations|7) through |§| is provided in equations 45| through
below.

dis dagd dirsdqd
MsyncOs[O] [0] % + Msyncsr[O] [0] dt =

USsdgd — Rsyncos[0][0]?8sdqd
_Wr(stncOs[O][l}iSsdqq + stncsr[o][l]irsdqq)

_(wT - wS)(stnchs[O][l]issdqq + stncdsr[o][l]irsdqq) (45)

diSsd dirsd
dt 4 + Msyncsr[l][l] qu =

USsdqq — RsyncOs[l] [1] Z'Ssdqq

MsyncOs[l][l]

_w’r’(stncOs[l] [O]issdqd + stncsr[l][o]irsdqd)
_(Wr - ws)(stnchs[l][O]issdqd + stncdsr[l][o]irsdqd) (46)

0= VSsdqz — RsyncOs[2] [Z]issdqz (47)

dissdqd di?"sdqd
M;-yncsr[O] o gt + Msyncr[O] [0] dt =

*Rsyncr[o] [0] 1Tsdqd

—(@r = W) (@ casrio] ) ¥$sdaa + Dsyncdr(o)[1]iTsdaq) (48)
dissq dirsq
;ryncsr[l][l] dt = + Msyncr[l][l] dt H =
_Rsyncr[l][l]irsdqq
*(Wr - ws)(QlynCdST[l] [O]issdqd + stncdr[l][o]irsdqd) (49)
dir d .
Msyncr[?][Q] C;t = _Rsyncr[2][2]lrsdqz (50)
de,
= wr 51
it (51)
Wy =

('5Ssyncsr[0][l]issdqdirsdqq + -5Ssyncsr[1][O]iSquqiTsdqd
+'55Jyncs7'[0][1]i53dqqir5dqd + '5S;-yncs7'[1][O]isqudiTquq
—Ti)/Jm (52)
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B Simulation Plots

Finally, some simulation plots are presented to support the information provide
above. First some details on how the open loop voltage was generated for the
simulations presented in this paper as well as the modifications made to the
D/Q and Synchronous transformations presented by Roberts to make them
usable for the single stator induction motor described in this paper.

One point to make here is that a formal simulation in the D/Q (slip) plane
was skipped. This is because the the D/Q and Synchronous transformations
(with their inverses) mentioned in the next section can be applied in the Rotat-
ing or Synchronous D/Q planes to obtain any information that is required in
the D/Q (slip) plane.

B.1 Background Information

The generation of the stator angular velocity and voltage used in all simulations
presented in this paper are defined by Equations [53| and [54] below.

ws =
SVO_TRAJ(sin(tr/RT_TRAJ — 1/2) + 1)

if(t < RT_TRAJ),else

VO TRAJ

if(t < RT_.TRAJ+CT.TRAJ),else

S5VOTRAJ(sin((CT-TRAJ + 2RT-TRAJ — t)n/RT-TRAJ — 7/2) + 1)
if(t <2RTTRAJ+ CT_TRAJ),else

0
(53)

vs$1 = S5wsDC_BUS VOLTAGEcos(.50)/VO_TRAJ
2
vs3 = 5wy DO_BUS_VOLTAGEcos(.50; — g) JVO_TRAJ

1
vs3 = 5wy DC_BUS_VOLTAGEcos(.50; — %) JVOTRAJ  (54)

The total run time is defined by 2RT TRAJ + CT_TRAJ with RT _ TRAJ
set to 4 seconds and CT_TRAJ set to 2 seconds. VO_TRAJ is set to 100
radians/sec. The bus voltage DC_BUS_VOLTAGE is set to 600 VDC. 6 is
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derived from the integral of the stator angular velocity ws defined by Equation
0ol

The various transformations defined by Roberts that are used in the plots
that follow are provided below.

Equations [55] and [56] are used to transform Equation [54]so as to derive the
voltage for the Synchronous D/Q simulation model defined by Equations

through aboveﬂ

VSdgd cos, cos(0, — 3%) cos(b, — }—“) Vs
VSdgq | = \/> sinf, sin(0, — ) sin(0, — )| |vso (55)
1 1 1
VSdgz 73 ol V2 V83
USsdgd cos(0, —0s) sin(0, —6s) 0] [vsqqa
USsdgq | = | —sin(0, —0s) cos(Br —0s) 0| |vSagq (56)
USsdgz 0 0 1| |vsaqz

Equations [57) and [58] are used when translating from the rotating plane to
the synchronous D/Q plandﬂ

. 27 E%s -
1Sdgd_derived 5 [cos 0, cos(6, — 2?) cos(0, — 4?) isq
iSdgq.derived | = \| = smlﬁr szn(Grl— =) sm(Grl— )| |ise (57)
Zsolqz,deriveol_ ﬁ ﬁ ﬁ 153
issdqd,derived COS(HT - 95) Sin(or - 95) 0 Z.qud,derived
Zssdqq,derived - —SZTL(QT - 05) COS(GT - 95) 0 stqq,dem'ved (58)
Zssdqz,derived_ 0 0 1 1Sdqz_derived

2Equation [55| alone places the voltage in the D/Q (Slip) plane
3Equation [57| alone places the current in the D/Q (Slip) plane
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Equations [59| and [60| are used when translating from the synchronous D/Q
plane to the rotating planeﬂ .

Z.qud,derived COS(H’I" - 85) 751.71(07« - 95) 0 Zlssdqd
iSdqq.derived | = |8in(0r —0s)  cos(0, —0s) 0| |iSsdqq (59)
isdqz,derived 0 0 1 Zbssdqz
i cosf sin 0 L1
151 _derived T T V2 1Sdqd_derived
7:52,derived - by COS( T 2?77) SZTL( T 2{) % isdqq,derived (60)
1S3 _derived cos(0, — %T) sin(0, — 4%) % 1Sdqz_derived

4Equation [59| alone places the current in the D/Q (Slip) plane
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B.2 Results of Simulation in the Rotating Frame

The plots provided in this section were produced by the simulation model de-
scribed by Equations 29 through [B6] of Section [A]

Voltages vs, vsy and vsg are generated by Equation Voltage vs; is shown
in Figure [6] below.

Gnuplot (window id : 0)
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Figure 6: Phase 1 voltage vs; of a 3-phase supply voltage applied to the motor
for all open loop tests (vse and vss are not shown).

The results for stator current is; and rotor current ire are shown in Figures

[ and B
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Gnuplot (window id : 0)
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Figure 7: Corresponding Phase 1 stator current is; for the applied open loop
voltage shown in Figure |§| above (isy and is3 are not shown).
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Gnuplot (window id : 0)
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Figure 8: Corresponding Phase 1 rotor bar current ir; for the applied open loop
voltages shown in Figure [f] above (irs and irs not shown).

Note in Figure [§] the excessive ripple caused by applying the sinusoidal volt-
ages of vsy, vss and vsg to the non-sinusoidally wound stator of the simplistic
induction motor described in Section 2

Next, a plot of the D/Q (Slip) stator currents derived from the rotating (termi-
nal) plane stator currents is, isy and iss.
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Gnuplot (window id : 0)
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Figure 9: Transformation of isq, sy and is3 into the D/Q (Slip) plane using the
transformations described in Equation [57| above (isqq. not shown).

The plot of Figure [J]is derived by applying the transformation described by
BT to isi, ise and iss.

Next, the currents in the Synchronous D/Q plane derived from the derived D/Q
(Slip) currents.
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Gnuplot (window id : 0)
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Figure 10: Transformation of isdqd, isdqq and isdqz into the Synchronous
D/Q plane using the transformation described by Equation above (iSsdq»
not shown).

The plot of Figure is derived by applying the transformation described
by [57] followed by [B§| to isy, isy and iss.

And finally, a plot of the stator driving frequency and resultant rotor frequency
with a closeup view showing the torque ripple. Because the simulation involves
a 2-Pole motor, the physical shaft frequency and stator voltage frequency are
the same.
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Gnuplot (window id : 0)
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Figure 11: Rotor speed w, vs ws. w, is produced by Equation [36] with wy is
produced by Equation
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Gnuplot (window id : 0)
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Figure 12: Close-up of Figure [II] above.

Note in Figure[I2]the torque ripple effects on w, caused by the non-sinusoidal
wound stator of the simplistic induction motor described in Section
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B.3 Results of Simulation in the Synchronous D/Q Frame

The plots provided in this section were produced by the simulation model de-
scribed by Equations [45] through [52] of Section [A73]

First the driving voltages vSsqqq and vSsqqq in the Synchronous D/Q planeﬂ

E f#H@a@aa 8?7
400 T T T T |
: : : : : : : ‘vssdgd ——
350 b IS sy ———

0

50 i i i i i i i i i

7.14602, 418.927

Figure 13: D/Q voltages vSsqqq and v8s444 in the synchronous D/Q plane. These
are generated from vs;, vsy and vs3 using Equations [55] and [56| above.

It should be noted that the voltage generation Equations 53] and [54] produces
a command where all voltage is placed in the direct (vssqqq) With the quadrature
(vSsdqq) set to zero. This is because we are doing all simulations under open
loop conditions. In an actual control environment, voltages would be generated
such that the quadrature component would control torque with the option of
field weakening controlled by the direct component.

Next, the resultant stator currents in the Synchronous D/Q plane.

5In this paper, I may interchange the words frame and plane.
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x Gnuplot (window id : 0)
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Figure 14: Synchronous D/Q stator currents issqqq and issqqq for the applied
open loop voltages shown in Figure [L3{above (iss4q- is zero and is not shown).

It should be noted that Figure [L4] produced by the simulation running in the
synchronous D/Q plane and Figure produce by the simulation running in the
rotating (or terminal) reference plane and then translated by transformations
and produce identical results (except for the removal of the torque ripple
effects that are not modeled when running the simulation in the synchronous

D/Q plane).

Like what was done for the simulation in the Rotating plane, we can trans-
form the currents shown in Figure back to the Rotating plane as shown in
the next plot.
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Gnuplot (window id : 0)
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Figure 15: Synchronous D/Q stator currents issqqq and issqqq translated back
to the rotating plane using Equations and (iS2_derived and 183_gerived DOt
shown).

And finally, a plot of the stator driving frequency and resultant rotor fre-
quency created in the Synchronous D/Q plane.
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Gnuplot (window id : 0)
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Figure 16: Rotor speed w, vs ws. w, is produced by Equation (2] with wy is
produced by Equation

The results in Figure [L6|are virtually identical to that that shown in Figure
above again noting that the torque ripple effects are absent when simulating
in the Synchronous D/Q plane.

36



B.4 Simulations to validate control strategies

Document [4] describes in detail the simulator used to generate the data pre-
sented in this paper. Along with a sixth order Runge-Kutta ODE solver to
handle the real time execution of the motor model, the simulator possesses the
ability to simulate control processes that would normally be executed in an in-
terrupt routine on the control processor or DSP. This is called a a CtrlObject
and in the case of this simulation, is setup to run every 50 uSec.

Three tests using this control object are presented below. For each of these

tests, selected states are read from the simulator and applied to the specific
algorithm to be verified.
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B.4.1 Test 1: Solve for Synchronous D/Q Stator Currents using
Euler method running in a CtrlObject

Roberts suggests some control strategies for the induction motor in Chapter
7 and Chapter 8 of his paper. Common to all but two of the methods men-
tioned is a requirement to have a running model of the electrical equations for
the induction motor. For our simple example in this paper, this is the model
described by Equation

oo Gnuplot (window id : 0)
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. e _ |
14
12

10

= @

5.01792, 21.0570

Figure 17: Results of a test showing a derived form of the synchronous D/Q

currents iS5qqq and is.q4¢ produced by applying the values w,, ws, v8s4qq and

USsdqq Of the simulation run shown described in section above to Equation
4 running in the CtrlObject.

Equation [14]is setup to run using the a simple Euler method (first order in-
tegration) with an incremental step size of 50 uSec executed concurrently with
the simulation run. These derived currents are labeled is5q4q_» and is54¢q_-. The
point here is to show that an embedded DSP algorythm can derive accurately
(given an accurate model) the actual Synchronous D/Q currents for the pro-
poses of generating reference currents. Compare these plots shown in Figure[17]
with Figure
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A close-up view of [17]is shown in the next figure.

Gnuplot (window id: 0)
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Figure 18: This is close-up of Figure [L7] above showing the incremental step size
of 50 uSec produced by the Euler method running in the CtrlObject.
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B.4.2 Test 2: Solve for Synchronous D/Q stator voltages running in
a CtrlObject

Roberts derives in Equation 8.14 page 213 of his paper a way to determine the
appropriate stator voltages to be applied to the motor given the stator current
and flux. Here we apply his analysis to our simple motor. It should be noted
that we disregard his transformation used to convert stator and rotor currents
to a controllable stator flux (see Equation 8.5 and 8.6 page 212 of Roberts).

Instead we input the rotor currents directly from the simulator.

oo Gnuplot (window id : 0)
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Figure 19: Results of a test to provide a verification for Equation 8.14, page 213
of Roberts which has been reduced in this paper to that described by Equation
19

The implementation here is similar to that used to derive the results in Fig-
ures [[7 and [I8 above.

Equation is solved for vseqqq With vssqqq set to zero. The values for
1Ssdqdy 1Ssdqqy Msdqd> Vsdqq, Wr and w, are gathered while running the simulation
described in section and plugged into This produces vssqqq_». Compare
this derived value for vssqqq with that shown in Figure@ They are essentially
identical.
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B.4.3 Test 3: Solve for Synchronous D/Q stator voltages using a
Lagrange approach running in a CtrlObject

As pointed out by Roberts in his description for Equation 8.14 of page 213,
there are an infinite number of valid solution for this equation when determin-
ing the values for vssqqq and vssqqq There is also a problem with determining a
valid value for the stator frequency variable ws. Roberts does not elaborate on
what he terms the ...the solution giving the minimum value. 1 believe what he
is referring to is a Lagrange solution based on the constraint that both vs,qqq,
and vssqqq are held to a minimum. This technique is used by [2] for the control
of an AC brushless permanent magnet motor.

In a practical sense, I point out in [4] that this technique for determining vs,qqq
and vSs4qq is in my opinion flawed because it disregards the side effects of exces-
sive current draw on the amplifier for the sake of keeping the magnitude of the
of sum-of-squares of the applied stator voltage to a minimum at any operating
point of the motor.

I believe a better method is to use the minimization technique above but in-
stead set vss44q to zero and solve for vss44q and w,. Then in the actual control
environment vs,q4q is controlled by some independent process for the purpose
of optimizing the motor field (field weakening based on motor speed)lﬂ

The Lagrange is defined using Equations [20] through [28| above. In the actual
test which is shown below, I set vss444 to zero and solve for vsgqqq and ws. As
discussed above, this was done because the open loop simulation run shown in

Section produced by applying Equations [55] and [56] to Equations [53] and
generates a voltage vector entirely in the synchronous d-plane.

This is shown in Figures [20] and 2] below.

60ne thing that needs to be address using this approach is the fact that we invalidate the
Lagrange when we set vssqqq to a value other then zero.
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Figure 20: Results of a test used to provide a verification for [20] through [2§]
above to solve for vsgqqq-

The implementation here is similar to that used in the descriptions for Sec-
tions [B.4.1] and [B.4.2] above. The values for is.qqd, iSsdqqs isdqds iTsdqq> VSsdqq
(set to zero) and w, are gathered while running the simulation described in
section [B.3] This produces vssgqqr. Compare this derived value for vsgqqq in
Figure ith that shown in Figure They are essentially identical.
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Figure 21: Results of a test used to provide a verification for [20] through [2§]
above to solve for wg.

Like Figure 20| above the Lagrange defined by 0] through 2§ are used to
determine the optimum value for ws. Again, the values for ¢5saqd, 75sdqq> i"sdqd,
iTsdgqs VSsdgq (S€ to zero) and w, are gathered while running the simulation de-
scribed in section This produces ws_, (which is plotted with w,.). Compare
this derived value for ws , in Figure 2I] with that shown for w, in Figure [I6]
They are essentially identical.
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